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Solutions of the Einstein—Maxwell equations with the addition of terms repre-
senting charged null fluid emitted from a spherically symmetric body and perfect
fluid are obtained. The solutions of Tupper and Patel and Akabari are derived as
particular cases.

1. INTRODUCTION

Patel and Akabari (1979) have transformed the metric of Einstein’s
universe

(xabc+ydy-i—zdz)2

ds)Y =di?—dx?—dy? —dz2 —
(ds) x Y ? b*—(x2+ y? +z?)

(1)

into the form
(ds)* =2dudr + du® — b*sin®(r/b){(da? +sintadB?) (2)

where b is a constant.

Tupper (1974) has obtained solutions of the Einstein—-Maxwell equa-
tions with the addition of terms representing charged null fluid emitted
from a spherically symmetric body. The geometry of these solutions is
described by the metric

(ds)* =2dudr + Bdu*— r*(de® +sinfa dB?) (3)
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where B is of the form

hlw) )

m and h being arbitrary functions of u.

In the absence of the source (i.e., when m = h=0), the metric (3)
becomes flat. Thus the metric (3) is described under the flat background. It
would be interesting to obtain the metric (3) in the cosmological back-
ground of Einstein’s universe rather than the standard Minkowskian back-
ground. The object of the present paper is to do just that.

For this purpose we consider the line element

(ds)*=2dudr +2L(du)’ — b*sin’(r/b)(de® +sinladB?) (5)
where L is a function of r and u.

In this paper we find all the solutions of the form (5) for the field
equations used by Patel and Akabari, which are

R¥—(1/2)8}R= —87r[E,-k +ov, 0" +(p+p)VVFE— pSik] + A8F (6)

where
Ef= = FF*+1/48}F,, F* ™)
E‘j,k+ij.i+Fki.j:0 (8)
F, j=J (9)
v'v; =0, vyi=1 (10)

Here p, p, 0, and A are, respectively, the pressure, density, radiation density,
and the cosmological constant.
The appropriate forms of v and V' are (Patel and Akabari, 1979)

v=8, Vi=(1/2L)"?s (11)

We also assume that 2L is positive. We name the coordinates as
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We note that the nonzero components of R* for the metric (5) are

R\ = —[L,,+ Zlf"cot(%)—‘;—lz']

2L cot(r/b)
— 2 2L b
R%:R§:[(] 2L)cosec*(r/b) LAL .cot(r/b)
2 b2 b2 b
R = —2L“c;)t(r/b)

Here and in what follows a suffix denotes partial derivatives (e.g., L, =
daL/dr, etc.)

Following the arguments similar to those made by Tupper we have to
consider the following two cases only.

Case I

Fpu=F3=F=F,=0
and at least one of F,,, F,; nonzero
Case II:
Fo=F3=F4=F;=0
and at least one of F,,, F;, nonzero

For the sake of brevity, we are not repeating here the arguments made by
Tupper.

2. CASE1

This case is essentially the same as that discussed by Patel and Akabari.
If both F,, and F,; are nonzero, then their solution is modified by the
addition of a term representing magnetic monopole.

In this case the Maxwell equations (8) and (9) give

e(u r .
F,= (bz) coseczg, Fyy=ksina (13)

and

Ji= —%cosech,0,0,0 (14)
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where e(u) is an arbitrary function of v and k is a constant. It can be easily
seen that J' is a null vector. Using (13), (7), (10), (11), and (12) in (6) we
obtain

er+%coseczi—i—z(ez+k2)cosec4£=0 (15)
87p = —A+%cosec"%(ez+k2)— L, + 2;"cot%+i—f (16)
8m(p+p)=4L/b (17)

and
swoz%cmg (18)

[t is painless to see that the solution of the differential equation (15) is

1= 2 ot L AT (2 g2 ( 2r
2L =1 5 cotb+b2(e + k?)|{ cot 5 l) (19)
where m is an arbitrary function of w. With this expression of 2L the
expressions for p and ¢ become

87p=—A—2L/b* (20)

2m, r  8mee, 1
8mo = — 5 cot3+ I (cot 5 1) (21)

The final form of the metric is

(ds)” = 2dudr — b?sin? 1 ) (da? +sin’adf?)

_2m o r AT a2y e — 2
+[1 , coty + 2 (e*+k )(cot 5 1)](du) (22)

when k = 0, the metric (22) reduces to that discussed by Patel and Akabari.
When k& =0 and b tends to infinity the metric (22) reduces to that discussed
by Bonner and Vaidya (1970). Also when e and m are constants and k=0
the metric (22) reduces to the Nordstrom metric in the cosmological
background of Einstein’s universe.
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In the absence of the source (i.e., when m = e = k =0, the metric (22)
reduces to the metric (2) of Einstein’s universe.

3. CASEIl

In this case the Maxwell’s equations (8) and (9) give

aF dF,
o = ar =0 (23)
d0F,, OF
Ty 24
and
- 9F,, dF.
J'bzsm“% = F,cota+ ——Ef + 8_54 cosec’a (25)

Here also J' is a null vector. The differential equation for the function 2L is

1—2L  ,r
L, + X cosec b—O (26)

The solution of (26) can be easily seen to be

2m r
2L—1—TCOtZ (27)

where m is an arbitrary function of u. In this case the expressions for p, p,
and o become

8mp=—A—2L/b? (28)

8mp= A +6L /b (29)
2(r/b

02[— :‘n; COSZ%‘FMFM_F}4F340053C20‘]% (30)

Suppose that m, is negative (i.e., the Schwarzschild mass is decreasing).
Putting a’(u)=— m, /4w, Tupper has given some solutions of (23) and
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(24). Solution (a):
F,, = a(u)cosBcosa
F, = —a(u)sinBsina

For this solution J' and ¢ become

;
J=-— ) cosec?—~

X b sinacosf3

( — 1 +sin’acos*Bcosec? ?'7— )

Solution (b):

Fy=B(u)
F,=0

For this solution J' and o are given by

J'= Blu) cotacosec?—
b? b
2 _ n2 2
W) e )
2 b bZ

Solution (c):

F,=0
Here J' and o become
2
Ji= a(7u) cosacosec? —
b? b
2
o=2 (2u) (cos2 a cotzg —sinza)

Thaker and Patel

(33)

When b tends to infinity in the solutions (a), (b), and (c) we recover the
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results obtained by Tupper. The metric for case II is

2 r
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(ds)’ = 2dudr — b*sin’ - (da? +sin*adB?) + ( 1— 2—’"coti')(du)z (34)

b b b

When b tends to infinity (34) reduces to the metric

3

2m )(a’u)'

(ds)2:2dudr—r2(da2+sin2ad,32)+(1—T

It should be noted that the above metric is also discussed by Vaidya (1953)

as a solution of Finstein—Maxwell equations (without null field).

In the absence of the source (i.e., m = 0) the metric (34) reduces to the

metric (2) of Einstein’s universe.
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